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Exercise 22

Solve the Neumann problem in the half-plane: Au =0 in {y > 0}, du/0y = h(z) on {y = 0} with
u(z,y) bounded at infinity. (Hint: Consider the problem satisfied by v = du/0y.)

Solution

The Method of Images

The Poisson equation will be solved in the upper half-plane D with a Neumann boundary
condition.

AU = f(z,y), —oco<x<o0,y>0
ou

5, (.0 = h(@)

A Neumann function representation for the solution can be obtained from Green’s second identity,
v ou
Av —vAu)dA = — —v— | ds.
//(u v — vAu) / <u8n U@n) s
D bdy D
Let w = U(x,y) and let v = N = N(z,y; 0, y0) be the Neumann function.
N
//(UAN — NAU)dA = / <U(9 - N3U> ds
on on
D bdy D
If we require N to satisfy

AN = §(z —20)d(y — yo), —oco<z <00, y>0

N
a— =c¢ on bdy D,
on

where ¢ is a constant and (xg,yo) is a point in the upper half-plane, then the identity becomes

//[U(JU’ y)o(z —0)0(y = yo) — N(2,y; 20, y0) f(z,y)] dA = / [U(% y)e — N(z,y; xo, yo)gg ds.
b bdy D

Write the normal derivative as 9U/On = VU - i1 and split up the integrals.
[ Utaste — au)ity - ) da~ [ N, yio ) fay) da
D D

=c / Ulx,y)ds — / N(z,y;x0,y0)VU - ads

bdy D bdy D

The integral involving the delta functions is U(xq, yo)-

U (20, y0) — // Nz, y: 0, 90) f (2, y) dA = / U, y) ds — / N(z,y;20,50)VU - ds (1)
D bdy D bdy D
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Determine the constant ¢ by setting u = 1 and v = N(z,y; zo, yo) in Green’s second identity.

/ AN dA = ON ds
on
D bdy D
//(5(x —x0)0(y —yo) dA = / cds
D bdy D
l=c / ds
bdy D
Solve for c.
1 1
C = = %) = 0
/ ds / dx
bdy D >
Then equation (1) becomes
U(zx,y)ds
bdy D .
U(zo,v0) — //N(QT,y;xo,yo)f(x,y) dA = - / N(z,y;x0,y0) VU - Dids.
D ds bdy D
bdy D

The first term on the right side is the average value of U on the boundary of the upper half-plane
(y = 0), a constant. Denote it as U.

U0, y0) — // N (e, y; 20, y0) f (e y) dA = T / N (2, ys 70, 30) VU - fnds
D bdy D

.}3

As the figure illustrates, the outward unit vector normal to the upper half-plane is i = —¥.

U(zo,yo) —//N(ﬂ%y;fco,yo)f(ft,y) dA=TU — / N(x,y;w0,50)VU - (=) ds
D bdy D
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Evaluate the dot product.

— oU
U(zo,y0) — || N(z,y;z0,v0)f(z,y)dA=TU — N(z,y; zo, yo) <—> ds

bdy D

Substitute the prescribed boundary condition and write the integration limits.
oo o0 _ [e.e]
U (0, y0) —/ / N(z,y;0,y0) f(x,y) dody =U +/ N(z,y;70,Y0)|,—0 M(z) dz
0 —00 —00
Solve for U.
_ o0 [e.e] [e.e]
U(zo,y0) = U +/ / N(z,y;x0,90)f (2, y) dwder/ N(z,y;0,90)|,—0 h(z) dz
0 —00 —0o0
Switch the roles of x and y with those of zg and yg, respectively.

U) =T+ [ [ Naowiw.o)fan ) doodyo+ [ N yoi.9)lyyoo hlao) doo - (2
0 —00 —00

The Neumann function will now be shown to be symmetric if ¢ = 0. Set v = N(z,y;x1,y1) and
v = N(x,y;x2,y2) in Green’s second identity,

//[N($7y§x1:yl)AN($>y;x2>y2) — N(z,y; 562,3/2)AN(9C,Z~/;961,Z~/1)] dA
D

ON ON
= / [N(%y;xhyl)an(fv,y;xz,yz)—N(%y;xQ,yz)an(m,y;m,yl) ds,
bdy D

where (z1,y1) and (z2,y2) are points in D, and N(x,y;x1,y1) and N(x,y;z2,y2) satisfy

AN =6(x —x1)0(y —y1) in D AN =§(x —x2)0(y —y2) in D
ON ON
87(357%9617%) =c¢ onbdy D %(:c,y,@,yg) =c¢ onbdy D.

Substitute these results into the identity.
//[N(ﬂﬁay;ﬂ?hyl)(s(x —22)0(y — y2) — N(z,y;72,92)0(x — 21)8(y — y1)] dA
D

= / [N($7y5$17y1)c_N($7y§$27y2)c] ds

bdy D

Split up the integrals on the left and bring ¢ in front of the integral on the right.
[ N8 = 225 - w2 A~ ] N sl - 26 - ) A
D D

=c / [N(:Evy;xlayl)_N(x7y;$27y2)]ds
bdy D
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If ¢ = 0, then the right side is zero. Evaluate the integrals on the left.

N(z2,y2;21,y1) — N(x1,y1522,92) =0

Therefore, N(z2,y2;x1,y1) = N(x1,y1; T2, Y2), and equation (2) becomes

U(z,y) = [_]Jr/ / N(xay;flfo,yo)f(fﬂoayo)dﬂﬁodyo+/ N(z,y; 0, Y0)| =0 h(z0)dzo.
0 —o0 —00

The solution for Poisson’s equation is known, then, if the Neumann function in the upper
half-plane can be determined. Begin by finding the Neumann function in the whole plane (no
boundaries).

AN =6(x — x0)d(y — o), —00 < & < 00, —00 < Y < 00

A can be interpreted as the electrostatic potential, and §(x — x)d(y — yo) can be interpreted as
the charge density for a unit charge located at (zg,yo). Since there are no boundaries, .4 is
expected to vary solely as a function of the radial distance from (zg,yo): 4 = .4 (2), where
2=/(z —20)2 + (y — yo)2. Integrate both sides over a disk centered at (o, yo) with radius 2.

// AN dA = // 5(z — 20)5(y — yo) dA

(z—20)2+(y—y0)2< 22 (z—20)%+(y—yo0)2<2?

Since the disk contains (g, o), the right side is 1. Write the Laplacian operator as A = V2

// Vi dA =1

(z—=20)?+(y—y0)?<2?

// V. VA&/dA=1

(z—20)2+(y—y0)?2<2?

and apply the two-dimensional divergence theorem.

VAN - 2ds=1
(z—20)2+(y—y0)2=22
Here 2 is the unit vector normal to this disk at every point on the boundary.
dv
/ —ds=1

de
(z—0)2+(y—y0)2=22

Because .4 only depends on ¢, its derivative is constant on the disk’s boundary.

dN
— ds=1
dz 5

(z—20)?+(y—yo)?=2?
This line integral is just the disk’s circumference.

dN
— (2 =1
7 (272)
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Divide both sides by 2me.

a¥ _ 1
de  2me
Integrate both sides with respect to 2.
N (2) ! Inz
=—1In
27

The Neumann function for the whole plane is then

1
N (2, y; 0, Yo) = 5. n V(@ —20)% + (y — y0)>.
Now that it’s known, the Neumann function for the upper half-plane can be determined by the
method of images. A convocation of point charges in the whole plane will be arranged so that the
boundary condition,

N 1 1 N
% = —m—=0onbdy D = “-(2,0)=0,
n / ds / dx Y

bdy D

is satisfied. This derivative of potential can be interpreted as the y-component of the electric
field. For a positive unit charge at (xg, o), place another positive unit charge at (zg, —yo) so that
every point on the z-axis is equally spaced from both.

.}’

A
@ 0. »0)
- X

@ (x0. —0)

The upper half-plane Neumann function can now be written.
N(z,y;20,Y0) = +A (2,95 70, 0) + A (2,95 70, —y0), y >0

Because A4 is defined over the whole plane, it’s important to note the restriction to y > 0 for N.

1

o In/(z — 20)2 + (y + y0)?

1
N(z,y;z0,y0) = %ln V(e —20)2+ (y —yo)2 +

= e [V 07+ w0V + )
= i In {[(2 = 20)* + (y — v0)*][(x — 20)* + (y + 40)°]}
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Now set yp = 0 in this result.

N (2,95 %0,40)|y0=0 = 1 In {[(z — 20)? + v¥[(x — x0)? + yQ]}

47
1
= (e 20) + 4P
T
1
= oIl = 20)? + 4]

Therefore, the solution to Poisson’s equation in the upper half-plane with a Neumann boundary
condition is

Ul =0+ 3= [~ [ fanm) i {lte = 0 + (o = (o = 20) + (5 + o))} doo
1 o0

+ 7 h(zo) In[(z — x0)2 + y2] dxg.

If f =0, then the solution reduces to

Ulx,y)=U + % /00 h(xo) In[(z — 0)? + y?] dao.

—00

This answer is in disagreement with the one at the back of the book.

Using Exercise 6

This answer will be verified by solving the Laplace equation in the upper half-plane with a
Neumann boundary condition in a different way.

AU =0, —-oco<z<oo,y>0
ou
dy
Differentiate both sides of the PDE with respect to y.

0 0
@(AU) = @(0)

9 (82U 82U>
+ =0

(z,0) = h(z)

Oy \ 022 ' 9y?
o (0*U o (0*U
Oy \ Ox? Oy \ Oy?
The mixed derivatives are equal by Clairaut’s theorem.
0% (oU 0% (oU
— (= )+=—=(=1]=0
0x2 \ Oy oy? \ Oy
Make the substitution V(x,y) = 0U/9y in the PDE and its associated boundary condition.

o’V 9%V
T S
ox? = Oy?
V(z,0) = h(z)
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The problem becomes the same one that was solved in Exercise 6.

y [ h(zo)
\% == —_——d
(@y) m /_oo (wo—2)2+92 "

Now that the solution is known, change back to U.

ou vy /Oo h(xo)

Y _ 7 A Sl A
oy 7)o (wo—w2+ 2

Integrate both sides partially with respect to y.

Uz, y) :/y [S/OO h(xo)dxo] ds + F(x)

T ) oo (o — )2 + 82
1

:W/Z [/ymds] h(zo) dzo + F(z)

Let
w = (zg — z)? + 5°
dw=2sds — d7w = sds.
Consequently,
1o [ ploma e | gy
U(azjy)—ﬂ_/_oo [/ 25 h(zxy) dxo + F(x)
== 5 Inf(zo — 2)" + 47 ¢ h(zo) dzo + F(2)
1 o]
= oy h(x()) ln[(.%'() - $)2 + y2] dxg + F(:L')

oo
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